A new two-noded, twelve degree of freedom finite element is developed for rotating blades. The shape functions are derived from the exact solutions of the governing static homogenous differential equations for the rotating blades. Such an approach leads to superconvergent elements. These differential equations include out-ofplane bending, in-plane bending, axial deformation, and torsion. The axial and torsion equations yield exact solutions and the flap and lag equations are solved by assuming a constant centrifugal force within the element. Differing from the conventional polynomial shape functions, the new shape functions account for the centrifugal stiffening effect as they depend upon the rotation speed, material properties, and the element position along the length of the blade. The finite element formulation is derived from the energy expressions using the Hamilton's principle. A convergence study for the natural frequencies is performed using the new shape functions and the polynomial shape functions for a coupled and an uncoupled blade. It is observed that the new shape functions lead to much more rapid convergence than the conventional polynomial shape functions for the first few modes at higher rotation speeds, where the effect of centrifugal stiffening is higher. The basis functions can also be used for finite element analysis of rotating rods and beams, and for energy methods.
NOMENCLATURE β p
Blade precone λ T Antisymmetric warping function ω Natural frequency of the blade in rad/sec Rotational frequency of the blade in rad/sec φ Elastic twist θ 0 Rigid pitch angle due to control pitch and pretwist 
INTRODUCTION
Rotor blades are essential and critical components of helicopters, turbines, compressors, and other rotatory machinery ( [1] - [6] ). Blade failure is a severe accident causing the entire machine to shut down. Among the various factors leading to a blade failure, resonance is regarded as the most important [7] . Therefore, determining the free vibration characteristics of the rotating blades is essential toward their reliable design and avoidance of their catastrophic failure.
The accurate prediction of natural frequencies of rotating blades using the finite element methods is an active area of research ([8] - [9] ). In earlier works, as reported in the literature, some researchers have used two-and three-dimensional finite element models for accurate prediction of the vibration characteristics. Leissa [10] used shell finite elements to study the vibrations of turbine engine blades. Ramamurti and Sreenivasamoorthy [11] used a three-dimensional, 20-noded isoparametric finite element for the analysis of the stresses in a rotating blade. Bogomolov et al. [12] used a superparametric shell finite element to predict the vibrational characteristics of a real blade. Bucco and Mazumdar [13] and Repetskii [14] extended their works with the shell finite elements to analyze different blade configurations. Jiang et al. [15] studied the non-linear vibrations of rotating beams by using the tetrahedral and the solid finite elements. Qin et al. [16] used a three-dimensional finite element model with 8-noded brick element to model a turbine blade. Typically, detailed 3D and shell finite element formulations are useful for the stress analysis.
The two-and three-dimensional analysis of the whole structure are computationally more expensive and not practical for dynamic analysis and control applications. To reduce the computation effort and computation time for the analysis, some researchers have used one-dimensional beam models for the finite element analysis of rotating blades. Such models are especially useful for vibration control applications where the model size must be kept small [17] . Most works on low order FEM modeling have concentrated on beams undergoing out-of-plane bending motion only. Very few works have addressed the beam undergoing out-of-plane bending, in-plane bending, torsion and axial deformations. Durocher and Kane [18] investigated the blade deflections with a beam finite element. They included the effects of shear stress, axial-torsion coupling, and torsional stiffness in their finite element formulation. Ormiston and Hodges [19] included the effects of pre-cone, variable elastic coupling, pitch-lag coupling, and the aerodynamics of induced flow in their formulation and studied the stability characteristics of the rotor blade flap-lag oscillations in hover. In an extension of onedimensional finite element analysis, Qin and Mao [20] used a shaft finite element model with ten degrees of freedom for the coupled torsional-flexural vibrations of the rotor systems. Similar models have also been developed for rotary shaft systems by Ruhl and Booker [21] and Thorkildson [22] . Belo and Marques [23] used the finite element analysis to analyze a helicopter blade undergoing the coupled motions of flapping, lead-lagging, axial stretching, and torsion. They also included the pretwist angle and the offsets between the mass and he elastic axes in their blade model. Some researchers have also used non-conventional modeling techniques for the vibration analysis of rotating structures. Putter and Manor [24] demonstrated the use of assumed mode approximation method for the modal analysis of a rotating beam. Ramamurti and Kielb [25] employed a plate theory to calculate the natural frequencies of rotating pre-twisted blades. Yoo et al. [26] used a modeling method that employs hybrid deformation variables for the vibration analysis of pre-twisted blades. Banerjee ([27] - [28] ) used Dynamic Stiffness Method (DSM) for the free vibration analysis of centrifugally stiffened uniform and tapered beams. Hashemi and Richard [29] combined the wellknown weighted residual method, as used in the conventional FEM, and some interesting features of DSM, and developed a Dynamic Finite Element (DFE) for vibrational analysis of the rotating structures. Kuang and Hsu [30] used generalized differential quadrature method to calculate the eigensolutions of grouped turbo blades.
A set of governing equations of a rotating blade was developed by Hodges and Dowell [31] . A fifteen degree of freedom FEM model was used by Bir et al. [32] to develop an aeroelastic analysis based on the equations derived in [31] . This FE model included the effects of the coupled motions in flapwise bending, lead-lag bending, axial deformation, and torsion. They considered four degrees of freedom in each of flapwise, lead-lag bendingj, and axial deformation, and three degrees of freedom in torsion. In their model, all the sljape functions are polynomials. Also, almost all the works on rotating blade finite element analysis use polynomial shape functions, which may not have good convergence properties.
In the present paper, we seek to develop new shape functions using the exact solutions of the governing static differential equations of a rotating blade coupled in flapwise bending, leadlag bending, axial deformation, and torsion. Current research shows that such an approach leads to an element with superioj convergence properties ( [33] - [34] . [35] ). For example, in Reddy's superconvergent Timoshenko beam element [35] , the transverse deflection is modeled using a cubic polynomial and the rotation field by a quadratic polynomial. These polynomials are the exact solutions of the homogenous form of the equation from Timoshenko beam theory. The resulting element is free from shear locking and gives exact results at the nodes because the basis from the exact solution is also used to represent the finite element solution. Generally, locking may be avoided if inter-dependence of the approximated fields is not neglected; for example, by considering exact solutions. Following Reddy's work, Gopalakrishnan and his co-workers ( [33] - [34] , [36] ) applied the idea to more complex structures. In general, these studies consider a uniform structure when developing the shape functions, which can then be used for non-uniform finite element analysis.
For rotating blade problems, the displacement field resulting from such an approach captures the effect of centrifugal stiffening more accurately. Typically, the shape functions derived by using this approach tend to be the functions of the element crosssectional properties. However, the research done until now in this area has considered only simple problems where the exact solution could be easily obtained. In this paper, we consider a much more complex problem and show that by capturing the primary effect of the centrifugal stiffening, shape functions can be derived that have considerably superior convergence characteristics as compared to polynomials.
ENERGY EXPRESSIONS
The energy expressions for a rotating blade, including the effects of moderate rotations, were derived by Hodges and Dowell [31] and are-used in UMARC [32] . This approach assumes moderate deflection in deriving the strain displacement relations and isotropic material properties for the stress-strain relations. The rotor blade is idealized as a beam undergoing flap bending, lag bending, torsion and axial deformation and the blade is pitched at an angle θ 0 . For the free vibration analysis of a rotating blade, the variation of strain energy expression is given as:
In Eq.(1), U w is obtained by collecting together the coefficients of the term δ w . Other terms are similarly obtained where,
Here, E and G are non-dimensionalized with m 0 2 . All the dimensional quantities having dimension of length are nondimensionalized with blade radius L. An antisymmetric warping function, λ T , is assumed (λ T ∝ ηζ ). Here EC 1 and EC 2 are related to the restraint of warping displacements. Therefore, they are generally more important for the open section beams.
The variation of kinetic energy expression for the blade is given as:
where,
As indicated by the foreshortening term, T F , the variation of kinetic energy, δT b , results in the following double integral expression.
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Integrating eqn. (18) by parts yields,
2mvdξ dx (19) with the axial centrifugal force F A , defined as,
Here, F A reflects the "centrifugal stiffening" effect on the flap and lag equations.
GOVERNING DIFFERENTIAL EQUATIONS OF MOTION
The rotor blades are modeled as Euler-Bernoulli beams undergoing axial, flap, lag, and torsion deformations. The chordwise offset of mass centroid (center of gravity) and area centroid (tension axis) from elastic axis, initial precone and pretwist angles are considered in the formulation. Hamilton's variational principle is used to derive the blade equations of motion. In the absence of any external loads, the Hamilton's principle can be written as,
where δU is virtual strain energy and δT is virtual kinetic energy. By using Eqs. (1), (10), and (21), the governing differential equations of a rotating blade are obtained. By solving these differential equations, we can find the displacements u e , v, w and φ. Here u e and φ have continous second derivatives and v and w have continous fourth derivatives.
DERIVATION OF THE SHAPE FUNCTIONS
Ideally, the shape functions could be derived using exact solutions of the static part of the differential equations given by Eqs. (22) to (25) . However, these equations are complicated due to coupling terms. For example, the presence of twist θ 0 strongly couples the lag Equation (23) and flap eqn. (24) . Our aim is to capture the effect of centrifugal stiffening in the shape functions, as it is the primary effect of rotation. For simplifying the derivation of the shape functions, we set a number of variables to zero. These variables are θ 0 , θ 0 , θ 0 ,θ 0 ,θ 0 , e g , β p and e A . We also set EC 1 , EC 2 , EB 1 and EB 2 equal to zero, as they are higher order effects relating to warping.
By making these assumptions, the non-dimensional differential equations (22) to (25) reduce to,
To derive the shape functions based on the logic discussed in the introduction section, we remove the inertial and velocity terms to obtain the static part of the governing homogenous differential equations. These equations in dimensional form are given as:
The axial and torsion equations are second order equations and can be solved for constant coefficients. Therefore they "strongly" satisfy the requirements for a superconvergent element. But the exact solutions for the flap and the lag equations are not possible, even for a uniform blade. In these bending cases, we assume T as a constant value. The dimensionalized differential Equations (30) to (33) are solved using Maple T M [39] by assuming constant tension T i prevailing in the i th finite element. For the full blade, the approximation of the constant tension is not appropriate. But, if we discretize the blade into N number of finite elements, then the approximation of constant tension for the finite element becomes realistic. We can say that the bending shape functions satisfy the superconvergence requirements in a "weak" sense.
The constant tension T i for the element is approximated by taking the average centrifugal tension in the element. The centrifugal tension T i for the i th element as shown in Fig. 1 can be expressed as:
Here x i is the location of the left edge of the finite element. The solutions of the differential equations (30) to (33) obtained as:
These solutions are used to derive the new shape functions. The new shape functions so derived satisfy the static homogenous part of the governing differential equations at the elemental level. For this reason, these new shape functions have better convergence properties, as discussed in [33] - [34] and proved later by numerical studies. These new shape functions are functions of the rotational speed, blade length, element mass, element stiffness, and the location of the element from the root. So, they capture the effect of the rotation speed and the element location from the rotation axis on the element displacements, which is not possible with Hermite cubic or linear shape functions used conventionally for the finite element analysis of the rotating structures. The new shape functions for each type of motion are studied in detail in the next few sections.
Shape Functions for Flapwise Bending
Consider a finite element for flapwise bending with displacement and slope degrees of freedom at the two ends, as shown in Fig. 2 .
Writing the solution of the differential equation (38) for flapwise bending in terms of λ 1 , we get,
Boundary conditions are:
Putting these boundary conditions into equation (41), we get,
From these equations, the values of C 7 , C 8 , C 9 , and C 10 can be found out. So the shape functions are derived as,
where
Thus, the flapwise bending shape functions are given as:
These shape functions become Hermite cubics as the analytical limit of the rotation speed tends to zero.
As the rotation speed tends to infinity, the shape functions H w1 and H w3 become linear and H w2 and H w4 vanish, which are the solutions for a stiff string.
The asymptotic behavior show the beauty of the new shape functions as they capture the effects of both zero and very high rotation speeds.
Shape Functions for Lead-Lag Bending
The lead-lag degrees of freedom are shown in Fig. 3 . Again, displacement and slope are taken at both the ends. Writing the solution of the differential equation (37) for leadlag bending in terms of λ 2 and λ 3 , we get,
Putting these boundary conditions into equation (58), we get,
The values of C 3 , C 4 , C 5 , and C 6 can be found out and the shape functions are derived as, 
(68) Thus, the lead-lag bending shape functions are given as:
These shape functions become Hermite cubics as the analytical limit of the rotation speed tends to zero as in equations (53) and (54).
Shape Functions for Axial Deflection
For axial deflection, two end nodes with displacement degrees of freedom are used as shown in Fig. 4 .
Writing the solution of the differential equation (36) for axial deformation in terms of λ 4 , we get,
Putting these boundary conditions into equation (71), we get, From these equations, the values of C 1 and C 2 can be calculated. So the shape functions are derived as,
Thus, the axial deformation shape functions are given as:
These shape functions become linear as the analytical limit of the rotation speed tends to zero.
Shape Functions for Torsion
Two end nodes with elastic twist degrees of freedom are considered for the torsion motion as shown in Fig. 5 .
Writing the solution of the differential equation (39) for torsion in terms of λ 5 , we get,
Putting these boundary conditions into equation (80), we get,
From these equations, the values of C 11 and C 12 can be calculated. So the shape functions are derived as, Thus, the torsion shape functions are given as:
These shape functions become linear as the analytical limit of the rotation speed tends to zero as in equation (78). At infinite rotation speed, they vanish.
FINITE ELEMENT METHOD
The shape functions, derived in the previous section, are used to create a new finite element. The potential energy expression, kinetic energy expression and Hamilton's principle, given by Eqns. (1), (10) , and (21) are used. The new finite element is a twelve degrees of freedom model, having four degrees of freedom in each of flapwise bending and lead-lag bending, and two degrees of freedom in each of axial deformation and torsion. The new finite element is shown in Fig. 6 .
The element mass matrix, damping matrix, stiffness matrix, and load vector are given in Appendix A. The natural frequencies are obtained by assembling the element mass and stiffness matrix, applying the cantilever boundary condition and solving the eigenvalue problem
where K and M are assembled stiffness and mass matrix, ω is the natural frequency, and φ is the eigenvector.
NUMERICAL RESULTS

Analysis of Shape Functions
As a first step, we analyze the behavior of the new shape functions at different rotation speeds. For this comparison, the properties used for a rotating cantilever blade, similar to a typical helicopter blade, are given in Table 1 . The other parameters, β p , θ 0 , e g and e t , are taken as zero at this time. For the present analysis, four rotation speeds varying from a low to a very high value are considered. The lowest is = 383 rpm, which is typical of a helicopter rotor. The second, third, and fourth rotation speeds are = 1000, 1000, and 50000 rpm, which are typical of turbine blades and high speed rotating machinery. The objective here is to simply check the asymptotic behavior of the The new shape functions, unlike the polynomial ones, change with the rotation speed, the material properties and the elemental length. The variation of the new shape functions and the polynomials for the cantilever blade at different rotation speeds is shown in Figures (7) to (18) .
For comparison, Hermite cubic polynomials are used for the flap and the lag bending shape functions and linear polynomials are used for the axial and the torsion shape functions. At 383 rpm and 1000 rpm, the new shape functions in flap and lead-lag mode vary significantly from the polynomials (Figs. (7) - (8), (10)- (11)). But no significant variation is observed for the axial and the torsion shape functions at these rotation speeds (Figs. (9) and (12)). At higher rotation speeds, say at 10000 rpm (Figs. (13) - (15)) and 50000 rpm (Figs. (16) - (18)), the centrifugal stiffening becomes significant and this is well captured by the new shape functions in all the modes. At 10000 rpm and 50000 rpm, flapwise, lead-lag, axial and torsion shape functions are very much different from the polynomials. The flap and lag functions approach linear behavior at very high rotation speeds. At low rotation speeds, the primary changes are in the slope functions related to the slope for the bending degree of freedom. The effect of centrifugal stiffening on these shape functions is significant. This is the reason that these shape functions work well with less number of elements at higher rotation speeds.
As is clear from the shape function plots, they exhibit different shape function patterns at different rotation speeds. These variations are not exhibited by the conventional cubic polynomial or the linear shape functions. Therefore, the new shape functions can be used for a very wide span of the rotation speeds, up to very high values, without encountering any problems such as singularities or discontinuities. Their ability to capture the effects of the centrifugal stiffening and the blade stiffness through the displacement fields makes the new shape functions superior over the conventional shape functions for the finite element analysis of the rotating structures.
Validation Study
For the validation study, a uniform blade equivalent of the B0105 rotor is considered. The rotor blade material properties are given in Table 1 and are used for the analysis of the shape functions, except that the rotation speed is now fixed at = 383 rpm. A finite element code is implemented using the formulation derived in the previous section. The University of Maryland Advanced Rotorcraft Code (UMARC [32] ) is chosen as a baseline for the validation of the new FEM code. The UMARC code employs a fifteen degrees of freedom model, four degrees of freedom in each of flapwise bending, lead-lag bending and axial deformation and three degrees of freedom in torsion, and is well validated ([37] - [38] ). The new developed shape functions are exponential and trigonometric functions, whereas, UMARC uses cubic polynomials for the flap and the lag bending, cubic polynomials for the axial deformation, and quadratic polynomials for the torsion. The converged values of the frequencies for both the codes match exactly and are given in Table 2 . Therefore, we note that the new FEM is validated with an existing analysis.
CONVERGENCE STUDY OF NEW FEM ELEMENT AND POLYNOMIALS
The validation with UMARC proves that the FE formulation is implemented correctly, but a comparison with UMARC cannot be used to accurately access the advantages of the new FEM element as the number of degrees of freedom are different for the two models. A convergence study is now undertaken for the new FEM element at different rotational speeds. The results are then compared with the same element but with polynomial shape functions. Both the models have twelve degrees of freedom. Hermite polynomials are used for flapwise and lead-lag bending. For axial deformation and torsion, linear polynomials are used. The chosen polynomials correspond to the asymptotic nature of the new shape functions as the rotation speed tends to zero.
The B0105 rotor blade data presented in Table 1 is used for the convergence study for the new FEM element and the polynomial shape functions at 383 rpm and 1000 rpm. The analysis is done for a coupled and an uncoupled problem. For the coupled case, coupling term θ 0 is taken as 10 0 and e g /L is taken as 0.001. For the uncoupled case, these values are considered as zero. The flap, lag, axial and torsion natural frequencies are plotted at 383 rpm in Figures 19 and 20 , and at 1000 rpm in Figures 21 and 22 . The converged frequencies are shown in Table 3 and are used to normalize the results in these figures. Figure 19 shows the fundamental natural frequencies for the four modes. The new FEM converges faster in all the cases. The polynomial shape functions result in a much slower convergence rate, especially for the flap mode, which has a dominant effect of centrifugal stiffening. This effect for the flap mode is magnified in Figure 21 where the results at 1000 rpm are shown. The convergence of the higher modes is somewhat similar for both the analyses as shown in Figures 20 and 22 . This is because the higher modes are more dependent on the structural stiffness as compared to the centrifugal stiffness and therefore the polynomial shape functions, which are exact for the non-rotating condition, work quite well. To mention about the superiority of the new FEM shape functions, at 383 rpm, the first twist natural frequency converges to four decimal places in eighteen elements for the new FEM, but it converges in fifty elements for the polynomials. The new shape functions therefore perform in a super-convergent manner as they accurately capture the centrifugal stiffening effect.
The convergence study cannot be extended for the rotor blade at 10000 rpm and 50000 rpm with the properties given in Table 1 . As a numerical illustration, E and G are increased by 1000 times and the study is completed at these rotational speeds. The first frequencies in all the four modes at 10000 rpm and 50000 rpm are ploted in Figures 23 and 24 , respectively for an uncoupled problem. Again it is noted that convergence is better for the new finite element for most cases. The converged values are given in Table 4 and are used to normalize the plotted results. The convergence of the torsion mode is better using polynomials for some cases, since the effect of centrifugal stiffening in this mode is typically much less than the structural stiffness. In contrast, for the flap mode, the effect of centrifugal force dominates and the blade becomes like a rotating string at high rotation speeds.
The shape functions derived in this paper provide a theoretically elegant alternative for the finite element analysis of rotating blades. The shape functions can also be used for the finite element analysis of rotating rods (using axial functions) and beams (using flap and/or lag functions). Moreover, it may be possible to use them as basis functions for other energy methods. While earlier works have shown the derivation of superconvergent elements for Timoshenko beam type problems where the exact solutions were obtained by only making a uniform property approximation within the element. The current work shows that the application of the concept is possible for rotating blades and other rotating structures. Non-rotating Timoshenko beams 
CONCLUSIONS
In the present paper, new shape functions in axial deformation, flapwise bending, lead-lag bending, and torsion are derived for a twelve degrees of freedom finite element model for a rotating blade. The exact solutions of the homogenous part of the governing static differential equations of a rotating blade are used to derive the shape functions. The new FEM model is validated using existing data for a rotor blade similar to a helicopter blade. The new shape functions are not only functions of the element length, but also of the rotation speed, the element location across the beam, the element mass, flexural and the torsional stiffnesses, the mass of outboard elements, and the length of the beam. A convergence study is performed for a coupled and an uncoupled blade at different rotation speeds between the new finite element and a similar twelve degrees of freedom finite element model with polynomial shape functions. The new finite element shape functions capture the effect of centrifugal stiffening and show superior convergence for the first few modes at low as well as at high rotation speeds over the conventional polynomials. Thus, the new developed shape functions have a wide horizon of application as they change their behavior with the material properties and at the extremes of rotation speeds. They also provide basis functions for finite element analysis of rotating rods and beam structures, and for energy methods.
